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Overview

We investigate why random-projection methods work for efficient LLM training compared to structured approaches. We find that the gradient subspace has a nearly flat curvature and that a non-negligible portion of gradient energy lies outside the core
low-rank subspace, meaning the exact subspace identification matters less than previously thought. Building on this insight, we propose GrassWalk and GrassJump, which update projections via random walks and jumps on the Grassmannian, while
adapting optimizer states to subspace changes, achieving SOTA results, and reframing randomization as a geometrically principled strategy rather than merely a computational shortcut.

1. Motivation 2. Prior Works

e Training LLMs is bottlenecked by memory, with optimizer states dominating the footprint; motivating low-rank gradient methods that e Galore [1] & FiRA [2] project gradients into a low-rank subspace identified via periodic SVD; accurate but computationally heavy and
preserve full-parameter updates. unstable under noisy gradients.
e Existing approaches split into two camps: structured methods (SVD, subspace tracking) and randomized methods. e SubTrack++ [3], LDAdam [4], and Online Subspace Descent [5] iteratively estimate dominant subspaces to avoid repeated SVDs; while
e Randomized projections match or exceed structured ones, yet we have no principled understanding of the reason. APOLLO [6], FRUGAL [7], GaRare [8], RSO [9] are randomized cheap alternatives to SVD that beats Galore but still lag behind SOTA
e Our analysis reveals two key geometric facts: the core gradient subspace evolves with nearly flat curvature, and a non-negligible share optimizers.
of gradient energy lies outside it; growing larger as training progresses and in deeper layers. e COAP [10] aligns subspace updates with the first momentum; FRUGAL [7] resets or projects states; LDAdam [4] and SubTrack++ [3]
e This reframes randomization from a computational shortcut into a geometrically principled strategy, and points toward algorithms that explicitly handles Adam's nonlinearity under subspace changes.
explicitly navigate the subspace manifold while recovering the orthogonal gradient signal. e Gap: randomization has been used purely for efficiency; no prior work explains why it succeeds and achieving SOTA results.

3. Beyond the Core Subspace
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Each decoder layer stack includes seven layer types in the Llama-1B model. The plots show the fraction of gradient energy explained by a rank 512
approximation. Despite a high lower bound, this fraction declines over training, and deeper layers generally exhibit smaller fractions.

Systematic Ablation

e Compares four subspace-update rules: Grassmannian subspace tracking, random walk on Grassmannian, random projections,
SVD, with/without Adaptive Optimizer (AO), and Recovery Scaling (RS).

* In the baseline (no AO/RS) structured manifold updates outperform SVD.

e Adding AO helps most methods, but random projections benefit most from RS; because they may discard salient signal,
recovering the orthogonal component is essential.

e Conclusion: pairing randomized Grassmannian exploration with AO + RS delivers the best of both worlds; flat-landscape
exploration plus orthogonal-signal recovery.
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gradient subspace evolves in an almost flat curvature.

4. GrassWalk and GrassJump 5. Results

Algorithm 1 Table 1. Comparison of low-rank methods on pretraining LLaMA-1B and Qwen 1.5B models. We report evaluation loss ({), peak memory
(GB), and wall-time (m). Best results are in bold, and second best are underlined.

GrassWalk and GrassJump

Rel(.lui.re: th, Gg € R™*™ with m < n (w.l.o.g.), learning rate «, decay rates 31 and (32, subspace update interval T, recovery scaling Arch. Method Eval. Loss Peak Mem. (GB) Wall Time (m)
1miter ractor (.
GrassWalk: So <= U[:,: r], where U, S,V < SVD(G)) {initialing the subspace} AdamW [Full-Rank] 4.10 35.2 417.0
GrassJump: So <— random gaussian matrix GaLore (Zhao et al., 2024a) 6.17 31.1 522.2
Wh}letCOIweff;{lce dOO e o  APOLLO (Zhuetal., 2025) 5.71 35.5 410.5
if step mo ==
-~ S - ~ S - = 5 . - LDAdam (Robert et al., 2025) 4.10 34.9 532.8
GrassWalk: Sy (1) = S¢_1V Yx7)Vy +U YxT)Vy + Si—1(I — VxVy), dating the sub ' ’
rassWalk: Si(7) = Se-1Vx cos (Bxm)Vx + Ux sin (2x7)Vx + Sea (I = VaVx ) {updating the subspace} S FRUGAL (Zmushko etal, 2025)  4.22 39.3 405.1
where Ux, Y.x, Vx < SVD(random gaussian matrix) = .y
GrassJump: S; < random gaussian matrix = SubTrack++ (Rajabi et al., 2025) 3.89 32.6 429.2
G, = S] G, {calculate low-rank gradient} GrassWalk [Ours] 3.86 32.0 418.6
My + B1(Sy Se—1M;i_1) + (1 — B1)Gy {toggle adaptive optimizer} GrassJump [Ours] 3.87 32.1 415.2
Mt (G 2 (ST Se—1)? - (Vier = ME1) + (S Semr - Meoa)?|] + (1= B2)GE. @ AdamW [Full-Rank] 4.84 377 421.0
S, =S, ; SubTrack++ (Rajabi et al., 2025) 4.70 33.1 436.4
M, « B1 - My_1+ (1 — B1) - Gy {regular optimizer} 2 GrassWalk [Ours] 4.68 33.6 436.6
Vi Bo Vi1 + (1 — Ba) - G2 o GrassJump [Ours] 4.67 33.1 432.2
end i - < 5,0
G¢ < op t1m(1~;zgr soutput, Gy = 5S¢ Gy Table 2. Comparison of low-rank gradient methods for pretraining LLaMA-7B. We report evaluation loss ({), peak memory usage (GB),
di(Gr)i = M, A = ¢ (Gr) Ay, {recovery scaling } and wall-clock time (hours) after 10k and 100k of training iterations. Other baselines are omitted as their performance differs substantially
<l A I from these three methods. Best results are in bold.
Ae e Ao Sy
Wi+ Wi1 —a- Gy —a- Ay {weight update rule} Method Eval. Loss - 10k (wall Time) ~ Eval. Loss - 100k (wall Time) Peak Mem. (GB)
end while SubTrack++ (Rajabi et al., 2025) 4.94 (9.57 hours) 3.36 (93.2 hours) 50.3
GrassWalk [Ours] 4.94 (9.55 hours) 3.37 (93.2 hours) 50.3
11 ‘ GrassJump [Ours] 4.86 (9.24 hours) 3.34 (91.6 hours) 48.7
FRUGAL . —4&—  SubTrack++
10 APOLLO GrassWalk ] o ] ] o . . _
[ DAdam o GrassJump e The gradient subspace optimization landscape has nearly flat curvature with non-negligible orthogonal energy; making randomization
. GaLore a geometrically principled strategy, not just a shortcut.
i SubTrack+ 9 e GrassWalk & GrassJump exploit this via random walks/jumps on the Grassmannian, paired with subspace-aware optimizer updates and
g 8- Grasslump g N recovery of the lost signal. They achieve state-of-the-art on LLaMA-1B, LLaMA-7B, and Qwen-1.5B pretraining with random projections.
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