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Overview of SubTrack++
We propose SubTrack++, a method that achieves state-of-the-art convergence by exploiting Grassmannian geometry for efficient training. SubTrack++ performs Gradient Subspace Tracking combined with projection-aware optimizers 
to ensure Adam's internal statistics adapt to subspace changes. It further incorporates a recovery scaling technique to restore information lost during low-rank projections. Our approach significantly enhances efficiency, reducing pre-
training wall-time by up to 65% and fine-tuning time by 36% compared to existing SOTA methods, all while maintaining the same memory footprint.

• LLM training is bottlenecked by the massive parameter count and significant optimizer state memory overhead. 
• Current efficiency methods force compromises between memory, training time, and final performance; our goal is 

simultaneous advancement across all three dimensions. 
• The core motivation stems from the observation that LLM gradients reside in a persistently low-rank subspace [8]. 
• Standard optimizers like Adam lose their ability to track the necessary internal statistics for effective adaptation when 

the subspace changes. SubTrack++ overcomes this by using projection-aware optimizers [4]. 
• Low-rank projections cause information lost; we counteract this with a recovery scaling technique [2, 3]. 
• SubTrack++ utilizes Grassmannian subspace tracking [6, 7] to robustly and efficiently manage the evolution of the 

low-dimensional subspace, providing a unified, principled foundation for gradient projection in LLMs.

1. Motivation
• The recent low-rank method have reduced the memory footprint of training and fine-tuning LLMs, by exploiting the 

low-dimensional nature of weights and gradients and projecting them into low-rank subspaces. 
• GaLore [1] projects gradients into a low-rank subspace and adjusting the subspace using periodic SVD. 
• Fira [2] enhances GaLore [1] via norm-based scaling to reintegrate information lost during low-rank projection. 
• APOLLO [3] uses channel-wise learning rate via random low-rank projections, and recovering the lost information. 
• LDAdam [4] performs adaptive optimization in low-dimensional subspaces using PowerSGD-based iterative updates, 

incorporating a projection-aware optimizer and an error-feedback mechanism. 
• Online Subspace Descent [5] reduces complexity by employing Online PCA for dynamically tracking and updating the 

projection matrix, avoiding expensive SVD. 

2. Prior Works

• The core of low-rank gradient methods is the projection of the full gradient matrix onto a low-rank subspace to reduce the optimizer’s memory footprint, followed by projecting the processed gradient back for the weight update. 

• Let  be the full gradient matrix at iteration , and  be the desired low-rank dimension ( ); The gradient is then projected into a low-rank subspace, spanned by an orthonormal basis matrix .  Assuming   
(without loss of generality, to minimize memory, methods choose the left or right singular vectors depending on dimensions [1]). 

• The projected gradient   is computed by projecting  onto the current subspace  : . The low-rank matrix   is what the optimizer operates on, drastically reducing the optimizer's state memory footprint. 

• The resulting low-rank output of the optimizer, ,  is then projected back to the full parameter space for the final weight update.
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Algorithm 1 SubTrack++
( Subspace Tracking , Projection-Aware Optimizer , Recovery Scaling , Regular Adam )

Require: Wt, Gt 2 Rm⇥n with m  n (w.l.o.g.), learning rate ↵, decay rates �1 and �2, SubTrack++ step-size
⌘, rank r, subspace update interval k, recovery scaling limiter factor ⇣. We use↵ to denote Hadamard division.
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end for
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3. SubTrack++: Gradient Subspace Tracking for Scalable LLM Training

Projection-Aware Optimizer
• Adam's standard update rules assume a fixed coordinate system. 

• When the orthonormal basis is updated from   to  , the optimizer's old states are stored in the coordinate system 
defined by . Applying a projected gradient defined by  to the old states causes a misalignment. 

• This is solved by explicitly transforming the previous momentum estimates, as shown in equations (IV) and (V), to 
align with the new subspace  before computing the current update [4].
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Grassmannian Subspace Tracking

Figure 1: Visualization of Grassmannian subspace tracking: Between subspace updates, gradients are projected
onto a fixed subspace. The tangent vector rF is computed via the derivative of a loss function, measuring
the subspace estimation error. The subspace is then updated by moving along the corresponding geodesic,
determined by rF to minimize estimation error.
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• The gradient subspace is not static. Accurately 
tracking its shifts is crucial for performance [1-5]. 

• We frame subspace estimation as finding a point on 
Grassmannian, the space of all -dimensional 
subspaces in an -dimensional space [7]. 

• Instead of recomputing the subspace, it uses the 
subspace estimation error (I) to compute a tangent 
vector  (II) on the manifold. The subspace is 
then moved along its geodesic to minimize the 
subspace estimation error (III)[6, 7]. 

• To ensure stability, SubTrack++ uses a rank-1 
approximation of  (II), determined by its 
largest singular value, to guide the update. 
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Recovery Scaling
• During low-rank projection, the discarded component of the gradient can be used to boost performance [‎2, 3].  
• Optimizers like Adam exhibit a consistent scaling behavior between low-rank and full-rank gradient regimes [2]. 
• A column-wise factor is computed via the norms of the optimizer's output and the input low-rank gradient (VI). 
• For robustness and stability, a clipping mechanism is used to limit the growth of the recovered term (VII). 
• The scaled term is added to the standard weight update rule (VIII), ensuring the final weight update accounts for both 

the optimized low-rank component and the recovered information from the orthogonal complement [2].
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5. Ablations

(a) Loss vs. Training Steps. (b) Loss vs. Relative Wall-Time.

Figure 4: Ablation study comparing pure Grassmannian subspace tracking with incremental additions of the
projection-aware optimizer and recovery scaling, leading to SubTrack++ . While Grassmannian tracking alone
almost matches GaLore’s step-wise convergence (a), it significantly reduces wall-time (b).

Ablation Studies. We conducted an ablation study to assess the individual and combined contributions
of the projection-aware optimizer and recovery scaling, integrated with Grassmannian subspace
tracking, on the 1B Llama model. Experimental settings are summarized in Table 4. As illustrated
in Figure 4-b, Grassmannian subspace tracking alone substantially reduces wall-time compared to
frequent SVD updates. Both the projection-aware optimizer and recovery scaling independently
provide notable performance gains over baseline subspace tracking, lowering the loss from 6.53
to 5.43 and 5.28, respectively. Their combination, SubTrack++ , further improves the loss to 4.51,
surpassing all baselines. Importantly, these improvements are achieved with only minimal increases
in runtime and memory overhead, thanks to the efficiency of Grassmannian subspace tracking.

In addition, we conducted ablations on the subspace update rank and update frequency. As shown in
Figure 5-a, more frequent updates can further improve performance, and the computational efficiency
of SubTrack++ enables higher update frequencies with minimal overhead. However, excessively
frequent updates may impede convergence. Figure 5-b shows that rank-1 updates achieve the best
performance among all tested values. This suggests that making controlled, small adjustments to the
underlying subspace helps maintain stability, while updating the subspace along the most informative
direction prevents stagnation in a low-rank region and enhances generalization.

Fine-Tuning Experiments. RoBERTa-Base and RoBERTa-Large are fine-tuned on GLUE [Wang
et al., 2019] and SuperGLUE [Sarlin et al., 2020] tasks; with the results presented in Table 7 and 8,
respectively. We also conducted supervised fine-tuning of the Llama-2-7B-chat-hf model for one
epoch on the Alpaca [Taori et al., 2023] dataset. In this experiment, SubTrack++ achieved 36% lower
wall-time and better performance compared to GaLore. The results are presented in Table 9. More
details and hyperparameters are provided in Appendix G.

Time and Space Complexity. Table 2 provides memory requirements of the optimizer states and
the time complexity of the subspace update step considering an m⇥ n gradient matrix with m  n.

Table 2: The optimizer’s state parameter count and
subspace update time complexity across baselines, given
a gradient matrix of dimension m ⇥ n and projection
rank r where r ⌧ m  n. ⇤LDAdam updates the
subspace at every iteration, while other methods update
it every k steps.

Optimizer Mem. Subspace Update Time

Adam 2mn �
LDAdam⇤

mr + 2nr O(mnr)

GaLore, Fira mr + 2nr O(nm2)

SubTrack++ mr + 2nr O(mnr)

GaLore [Zhao et al., 2024] and Fira [Chen et al.,
2025] periodically perform SVD to estimate the
underlying subspace, while LDAdam [Robert
et al., 2025] relies on the faster PowerSGD to
update the subspace at every iteration. In con-
trast, SubTrack++ employs Grassmannian-based
subspace tracking at the same frequency as Ga-
Lore and Fira. Comparing the time complexities
of these methods, highlights why SubTrack++
is significantly more efficient than SVD-based
methods. A breakdown of the subspace update
time complexity for SubTrack++ is shown in
Appendix D. Additionally, the memory required
for storing optimizer states in SubTrack++ , is
equivalent to GaLore and other baselines.
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(a) Loss vs. Subspace Update Frequency. (b) Loss vs. Subspace Update Rank.

Figure 5: Ablation results on (a) update frequency: decreasing the update interval (i.e., increasing the frequency)
improves evaluation performance up to a point, but overly frequent updates hinder training convergence. (b)
update rank: increasing the rank of updates degrades model performance, and beyond a certain threshold, can
prevent convergence. These results emphasize the importance of controlled subspace adjustments.

Robust Subspace Tracking. Relying on SVD for subspace updates makes methods sensitive to
noise and abrupt changes [He et al., 2025]. Figure 6 compares Grassmannian subspace tracking
with GaLore’s SVD on the Ackley function, highlighting how SVD causes erratic jumps, while
our subspace tracking ensures robust optimization. GaLore struggles to reach the global minimum
within 100 steps at scale factor 1, and although increasing the scale factor to 3 improves perfor-
mance, it amplifies jumps that hinder convergence in non-convex settings, revealing sensitivity to
hyperparameters, noise, and abrupt changes. To empirically measure the robustness of SubTrack++
in tracking evolving subspaces, we quantified subspace drift using the norm of the tangent vector
rF , which reflects the deviation between the projected gradient and the original gradient matrix. On
Llama-350M pre-training, this norm rapidly decays from 0.06 to below 0.0002 within 5-7 subspace
updates and remains near zero thereafter, indicating highly stable and well-aligned subspace tracking.
This quantitative stability supports our qualitative observations in Figure 6 and aligns with prior
findings in Grassmannian optimization.

5 Related Works

Parameter-Efficient Training. Several works aim to improve the efficiency of training LLMs,
addressing a growing demand as their popularity rapidly increases. Popular LoRA [Hu et al., 2021]
significantly reduces memory requirements for fine-tuning LLMs by leveraging two low-rank trainable
low-rank matrices. Dettmers et al. [2024] employ quantization techniques and paged optimizers to
further reduce memory usage. Additionally, Yaras et al. [2024] introduce Deep LoRA to address
overfitting issues and reducing the need for precise tuning of the rank parameter. Several other works
have also extended LoRA to enhance the efficiency of training and fine-tuning LLMs [Lialin et al.,
2023, Renduchintala et al., 2024, Xia et al., 2024, Pan et al., 2024]. Miles et al. [2024] propose
compressing intermediate activations and reconstructing them during backpropagation to enhance
memory efficiency. Yen et al. [2025] propose adjustments to the LoRA factorization that promotes
balanced training and correspondingly update the optimizer’s internal states (i.e., first and second
moments) to remain consistent under the change of basis. Additionally, Hao et al. [2024] demonstrate
that full-parameter fine-tuning is feasible by random projections on the gradient matrix, showing that
LoRA essentially performs a down-projection of the gradient. BAdam [Luo et al., 2024] leverages the
block coordinate descent framework to reduce memory consumption while maintaining capabilities
comparable to Adam.

Gradient Low-Rank Projection. Several approaches aim to reduce optimizer states, as optimizers
like Adam [Kingma and Ba, 2017] account for a significant portion of memory footprint [Li et al.,
2023, Anil et al., 2019, Lv et al., 2024, Dettmers et al., 2022]. MicroAdam [Modoranu et al., 2024]
tackles this by compressing the gradient space and utilizing the compression error through feedback
loops. Adam-mini [Zhang et al., 2024] partitions model into blocks, assigning a single learning
rate to each block to preserve performance while saving memory. Gur-Ari et al. [2018], Schneider
et al. [2024], Yaras et al. [2023] suggest that a substantial portion of gradients lies within a largely
consistent subspace. GaLore [Zhao et al., 2024] leverages this fact to reduce the optimizer’s memory
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4. Experiments and Results

(a) Loss vs. Training Steps. (b) Loss vs. Relative Wall-Time.

Figure 3: Comparison of baselines in pre-training Llama-1B architecture. (a) shows training loss (#) versus
training steps. (b) shows the same runs against wall-time. SubTrack++ outperforms all baselines; substantially
reducing wall-time, especially compared to LDAdam, the top-performing baseline.

While all compared methods aim for memory-efficient training, their architectural principles yield
distinct computational and convergence trade-offs. BAdam [Luo et al., 2024] achieves strong memory
and time efficiency, yet its partial parameter update strategy compromises final performance. GaLore
[Zhao et al., 2024] constrains gradients to a low-rank subspace estimated via periodic SVD, an
approach sensitive to noise and costly to compute, while discarding information residing in the
orthogonal complement. Fira [Chen et al., 2025] introduces norm-based recovery scaling to mitigate
this information loss, but its reliance on frequent SVD still leads to substantial wall-time overhead.
LDAdam [Robert et al., 2025] replaces SVD with PowerSGD-based iterative updates and a projection-
aware optimizer that synchronizes internal states with evolving subspaces, improving convergence and
stability but incurring high per-step costs due to continual subspace updates. It also adds an extended
error-feedback mechanism to compensate for both gradient and optimizer compression to target
GaLore’s shortcomings. Online Subspace Descent (OSD) [Liang et al., 2024], our tracking-based
baseline, further reduces complexity by employing Online PCA for subspace tracking.

SubTrack++ departs from these formulations by treating subspace evolution as a geometric tracking
problem on the Grassmannian. It performs efficient rank-1 geodesic updates that reuse historical
subspace information, inherently preserving consistency and avoiding the instability of discrete
subspace resets. Simultaneously, it aligns Adam’s internal states through projection-aware optimizer
and leverages recovery scaling to reintegrate the lost information. This unified approach yields a new
training paradigm that retains the memory efficiency of low-rank methods, while achieving on-par
runtime efficiency compared to fastest baselines like APOLLO [Zhu et al., 2025]. SubTrack++ sets
new state-of-the-art results across model scales, running 43% faster than LDAdam, the strongest prior
baseline, on the 1B model, and 67% faster on the 3B model (see Table 6).

Figure 3 demonstrates the pre-training of a 1B-parameter Llama model across several baselines.
SubTrack++ has the fastest convergence in both training steps and wall-time, highlighting the
effectiveness of geometry-aware optimization in improving performance and reducing resource
consumption. To further assess its generalization in longer training regimes and larger models,
we extend training to 100k steps and compare SubTrack++ with GaLore. As shown in Figure
7, SubTrack++ converges substantially faster, achieving an evaluation loss of 3.37 (a significant
improvement over the 10k-step setting), while GaLore reaches 4.64 under the same conditions.

As shown in Table 1, SubTrack++ occasionally outperforms full-rank training. This effect may
be attributed to the implicit regularization introduced by low-rank projections, which can enhance
generalization in overparameterized models. Similar trends have been reported in other studies [Robert
et al., 2025, Zhu et al., 2025, Chen et al., 2025]. In addition, to further validate that convergence on
the projected gradient reflects convergence of the original full-gradient, we measured both norms
during Llama-1B pre-training. The full-gradient norm drops from 0.46 → 0.08, while the projected-
gradient norm drops from 0.45 → 0.05, following nearly identical trajectories. This confirms that
the optimization progress observed on the projected gradient accurately mirrors convergence in the
original gradient space, consistent with prior low-rank gradient findings.

Hyperparameters of pre-training experiments are provided in Appendix E, with detailed runtime and
memory reports in Appendix F.
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Table 1: We compare evaluation loss (#) for pre-training Llama-based architectures on the C4 dataset over 10k
iterations. SubTrack++ outperforms all other baselines in nearly every configuration. The best results are marked
in bold, with the second-best performance underlined. ⇤LDAdam could not be run on the 7B configuration due
to an out-of-memory error with our available resources.

60M 130M 350M 1B 3B 7B

r=128 r=256 r=256 r=512 r=512 r=1024

Full-Rank 3.41 3.25 3.40 4.61 4.52 4.30

GaLore [Zhao et al., 2024] 4.02 3.61 3.62 6.53 6.57 5.55

BAdam [Luo et al., 2024] 7.86 7.08 7.62 7.28 7.12 6.76

Online Subspace Descent [Liang et al., 2024] 4.18 3.88 4.09 6.79 6.85 5.69

LDAdam [Robert et al., 2025] 3.52 3.44 3.67 4.70 4.39 OOM⇤

Fira [Chen et al., 2025] 3.80 3.55 3.56 6.31 6.50 6.83

SubTrack++ (Ours) 3.43 3.24 3.29 4.52 4.50 4.63

Definition 3.3 (Exponential Map). The exponential map expp : TpM ! M on a Riemannian
manifold M is a mapping that assigns the point �(1) 2 M to each tangent vector � 2 TpM , where
TpM is the tangent space of M at p, and � is the unique geodesic originating at p with initial velocity
�. This map establishes a relationship between geodesics and the Riemannian exponential, such that
�(t) = expp(t�) for t 2 R.
Definition 3.4 (Stiefel Manifold). The Stiefel manifold St(n, p), parametrizes the set of all n⇥ p

orthonormal matrices U , each representing a rank-p subspace of Rn.
Definition 3.5 (Grassmann Manifold). The Grassmannian manifold Gr(n, p) parametrizes the
set of all p-dimensional subspaces of Rn. Each point can be represented by a projection matrix
P = UU

>, where U 2 St(n, p).

Theorem 3.6 (Grassmann Exponential). Let P = UU
> 2 Gr(n, p) be a point on the Grass-

mannian, where U 2 St(n, p) is the orthonormal basis of the corresponding subspace. Consider a

tangent vector � 2 TP Gr(n, p), and let �hor

U
denote the horizontal lift of � to the horizontal space

at U in the Stiefel manifold St(n, p). Suppose the thin SVD of �hor

U
is given by �hor

U
= Q̂⌃V >

,

where Q̂ 2 St(n, r), ⌃ = diag(�1, . . . ,�r) contains the nonzero singular values of �hor

U
with

r = min(p, n� p), and V 2 St(p, r). The Grassmann exponential map, representing the geodesic

emanating from P in the direction �, is given by:

Exp
Gr

P
(t�) =

⇥
UV cos(t⌃)V > + Q̂ sin(t⌃)V > + UV?V

>
?
⇤
,

where V? 2 Rp⇥(p�r)
is any orthogonal complement of V .

The proof of Theorem 3.6 can be found in Appendix B. Leveraging this theorem and our notation in
section 2, one can easily verify that the subspace update rule is as follows:

St+1(⌘) = (St
bVF

bUF )

✓
cos b⌃F ⌘

� sin b⌃F ⌘

◆
bV >
F

+ St(I � bVF
bV >
F
)

This update rule generally converges to a stable subspace if the step size ⌘ decreases over time
[Balzano et al., 2011]. However, a decreasing step size can impair the ability to accurately track and
adapt to subspace changes. Consequently, SubTrack++ uses a constant step size to effectively adjust
subspaces. This approach does not hinder convergence, as proved in Theorem 3.2, which guarantees
convergence as long as changes are controlled to maintain the stable subspace assumption.

4 Experiments and Results

We evaluated SubTrack++ across diverse models and datasets through pre-training and fine-tuning,
measuring key metrics critical to LLM democratization.

Pre-Training Experiments. We pre-trained several Llama-based models on the C4 dataset, with
results in Table 1. To ensure a fair comparison, we benchmarked against a diverse set of baselines.
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Pre-Training Experiments

Fine-Tuning Experiments

Table 7: Comparing final evaluation loss (#), wall-
time, and peak memory consumption of fine-tuning
Llama-2-7B-chat-hf on Alpaca dataset.

Method Evaluation Loss Wall-Time (mins) Memory (GB)

GaLore 0.88 178 59.4

LDAdam 0.85 342 66.1

SubTrack++ 0.88 117 62.5
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