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Overview of SubTrack++

We propose SubTrack++, a method that achieves state-of-the-art convergence by exploiting Grassmannian geometry for efficient training. SubTrack++ performs Gradient Subspace Tracking combined with projection-aware optimizers
to ensure Adam's internal statistics adapt to subspace changes. It further incorporates a recovery scaling technique to restore information lost during low-rank projections. Our approach significantly enhances efficiency, reducing pre-
training wall-time by up to 65% and fine-tuning time by 36% compared to existing SOTA methods, all while maintaining the same memory footprint.

1. Motivation 2. Prior Works

e LLM training is bottlenecked by the massive parameter count and significant optimizer state memory overhead. e The recent low-rank method have reduced the memory footprint of training and fine-tuning LLMs, by exploiting the

e Current efficiency methods force compromises between memory, training time, and final performance; our goal is low-dimensional nature of weights and gradients and projecting them into low-rank subspaces.
simultaneous advancement across all three dimensions. e Galore [1] projects gradients into a low-rank subspace and adjusting the subspace using periodic SVD.

e The core motivation stems from the observation that LLM gradients reside in a persistently low-rank subspace [8]. e Fira [2] enhances Galore [1] via norm-based scaling to reintegrate information lost during low-rank projection.
e Standard optimizers like Adam lose their ability to track the necessary internal statistics for effective adaptation when e APOLLO [3] uses channel-wise learning rate via random low-rank projections, and recovering the lost information.

the subspace changes. SubTrack++ overcomes this by using projection-aware optimizers [4]. e LDAdam [4] performs adaptive optimization in low-dimensional subspaces using PowerSGD-based iterative updates,
e Low-rank projections cause information lost; we counteract this with a recovery scaling technique [2, 3]. incorporating a projection-aware optimizer and an error-feedback mechanism.

e SubTrack++ utilizes Grassmannian subspace tracking [6, 7] to robustly and efficiently manage the evolution of the * Online Subspace Descent [5] reduces complexity by employing Online PCA for dynamically tracking and updating the
low-dimensional subspace, providing a unified, principled foundation for gradient projection in LLMs. projection matrix, avoiding expensive SVD.

3. SubTrack++: Gradient Subspace Tracking for Scalable LLM Training

e The core of low-rank gradient methods is the projection of the full gradient matrix onto a low-rank subspace to reduce the optimizer’s memory footprint, followed by projecting the processed gradient back for the weight update.

e Let G, € R™ " be the full gradient matrix at iteration #, and r be the desired low-rank dimension (r << min(m, n)); The gradient is then projected into a low-rank subspace, spanned by an orthonormal basis matrix S, € R™T  Assuming m < n
(without loss of generality, to minimize memory, methods choose the left or right singular vectors depending on dimensions [1]).
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e The projected gradient G, is computed by projecting G, onto the current subspace S,: G, = StTGt € R"™". The low-rank matrix G, is what the optimizer operates on, drastically reducing the optimizer's state memory footprint.

—~0
e The resulting low-rank output of the optimizer, G, , is then projected back to the full parameter space for the final weight update.
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else
S, =S, 1 defined by §,_;. Applying a projected gradient defined by S, to the old states causes a misalignment.

e Adam's standard update rules assume a fixed coordinate system.

e When the orthonormal basis is updated from S,_; to S, , the optimizer's old states are stored in the coordinate system

M, < B, - M N (1 ) = e This is solved by explicitly transforming the previous momentum estimates, as shown in equations (IV) and (V), to
t 1 t—1 1 ¢ align with the new subspace before computing the current update [4].
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end if Recovery Scaling
(N;’? = M: O/ Vi + €, @t — Sté? {(N;’?; optimizer’s output, @t; projected-back gradients } e During low-rank projection, the discarded component of the gradient can be used to boost performance [2, 3].
16O | e Optimizers like Adam exhibit a consistent scaling behavior between low-rank and full-rank gradient regimes [2].
_ t,:,1

Pt(Ge)i = 1Ge.. il At = ¢¢(G1)(Gr — S:G:) (VI) {Weuse @ to denote Hadamard division.} e A column-wise factor is computed via the norms of the optimizer's output and the input low-rank gradient (VI).

e For robustness and stability, a clipping mechanism is used to limit the growth of the recovered term (VII).

if 2t > ¢ then Ay « 2t . C||As_
Ap—1 ¢ ‘ [ Al CllAe—1] (VII) e The scaled term is added to the standard weight update rule (VIII), ensuring the final weight update accounts for both
We +— Wi 1 — - @t —a- Ay (VIII) the optimized low-rank component and the recovered information from the orthogonal complement [2].

end for

4. Experiments and Results " 5. Ablations
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Table 1: We compare evaluation loss () for pre-training Llama-based architectures on the C4 dataset over 10k SOl ki ol Ot o are
iterations. SubTrack++ outperforms all other baselines in nearly every configuration. The best results are marked GST + Recovery Scaling GST + Recovery Scaling
in bold, with the second-best performance underlined. "LDAdam could not be run on the 7B configuration due % SubTrack-++ 2 8 SubTrack++
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to an out-of-memory error with our available resources.
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Figure 3: Comparison of baselines in pre-training Llama-1B architecture. (a) shows training loss (]) versus Refe rences

training steps. (b) shows the same runs against wall-time. SubTrack++ outperforms all baselines; substantially
reducing wall-time, especially compared to LDAdam, the top-performing baseline.
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